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Abstract. We use the adjoint methods to study the static Hamilton- Jacobi equations and 
to prove the speed of convergence for those equations. The main new ideas are to introduce 
adjoint equations corresponding to the formal linearizations of regularized equations of 
vanishing viscosity type, and from the solutions of those we can get the properties of 
the solutions u of the Hamilton-Jacobi equations. We classify the static equations into two 
types and present two new ways to deal with each type. The methods can be applied to 
various static problems and point out the new ways to look at those PDE. 

1. Introduction 

The theory of viscosity solutions for Hamilton-Jacobi equations, introduced by Cran- 
dall and Lions in [2J provides a body of simple and effective techniques for discovering 
the existence, uniqueness, and stability of the solutions. To date, many results concerning 
the speed of convergence for Hamilton-Jacobi equations of various types have been stud- 
ied. However, all the methods seem to be in the indirect ways by using viscosity solution 
techniques and maximum principles. 

Recently, Evans in his forthcoming paper [7] introduces some new methods to study 
Hamilton-Jacobi equations for the time-dependent case, including the nonlinear adjoint 
method. This method turns out to be very useful to observe various time-dependent prob- 
lems of vanishing viscosity type. However, it may not work well when applying directly 
to time-independent problems because of some difficulties such as the existence, unique- 
ness of the solution of the adjoint equation as well as the nonnegative property as we 
will discuss below. In this present paper, we will introduce some new ideas to apply this 
method to study some time-independent PDE such as stationary Hamilton-Jacobi equa- 
tion, Eikonal-like equation and effective Hamiltonian. We classify the problems into two 
classes: the class containing in the regularized equation, the class not containing in 
the regularized equation, and propose two different new methods to deal with each class. 
The main goals are to build up the constructive ways to look at those PDE directly through 
the adjoint equations and hence can be used not only here but also for other observations 
in the future. 
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We will here introduce the adjoint equation for each class of equation and then prove 
the speed of convergence. In fact, we can go further by using the constructions here and 
the Compensated compactness to get more properties of the solutions as in [|7]| and get 
some further results. We will explore those properties elsewhere in the future. 

Outline of this paper: This paper contains three sections about three types of static 
Hamilton- Jacobi equations, which are quite interesting and familiar to the readers. Our 
purpose in this paper is expository, hence we try to make all the equations as simple as 
possible to show the key ideas instead of coming into complicated proofs. All the ideas 
work for general cases as well. 

In section 2, we study the stationary problem in the whole space M" 

u{x)+H{x,Du{x)) =0 inR" 

by looking at the regularized problem 

u"" (x) + H{x, Du"" (x) ) = cAm^ in R". 

This problem is of the first type because the regularized equation contains u^. We 
have the general theme to deal with such problem like this by introduce the so-called fake 
parabolic adjoint equation as following: 

-2of -di\{DpH{x,Du'')o'') = eAo^ {x,t) E R" x (0,r) 



Using we can prove that I I < Ce which implies that I — m| |l~ < Ce^/^. 

oe 

Section 3 deals with the Eikonal-like equation in the bounded domain 

jH{Du{x))=0 inU, 
\ u{x) =0 on dU. 

and we also look at the following regularized problem: 

H{Du^{x)) = £Au^{x) inC/, 
u''{x)=0 ondU. 

This problem is of the second type since the regularized equation does not contain u^. 
The idea of dealing with this type of problem is much more different with the previous one 
since we could not switch the problem into parabolic type. It turns out that in this case, the 
adjoint equation is of elliptic type and is an analog of the time-dependent Hamilton-Jacobi 
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equation in [|71 as following: 

-div(D//(DM^)c7^) = £Ao^ + d^^ in [/, 
0^ = on dU. 

Besides the beauty of this adjoint equation, we furthermore can also relax the convexity 
condition of H. Up to now, all the papers dealing with the Eikonal-like equation require 
the convexity condition of H for the bounded properties and comparison properties hence 
the uniqueness of the solutions. However, we can see one of the good signal in the paper 
||5l of Ishii for the proof of uniqueness of u where he only require condition (H4)' instead 
of convexity condition. Li this section, we only require that H has some kind of homoge- 
nous condition, which is much weaker, and quite natural. We will have to reprove such 
comparison properties and uniqueness of solutions in this section as well, but they are not 
really a big deal for us. Finally, we get the same speed of convergence as in the case above. 
One interesting point is that we could not find such result in all of the references, so it may 
be the new one. 



Finally, in the last section, we will study the effective Hamiltonian of homogeniza- 
tion of Hamilton- Jacobi equations: 

H{P + Dv,y)=H{P). 

Instead of considering the normal regularized problem, we will look at the slightly 
different regularized problem, which includes the vanishing viscosity term, as following: 

ez'^ +H{P + Dz^,y) = e^Az^. 

This problem hence is also of the first type since the regularized problem contains the 
term. Similar to section 2 above, we will also introduce the fake parabolic adjoint equation 
as following: 

-leof -diw{DpHo^) = e^Aa^ {x,t) e M" x (0,r) 
d(Oz^) 

and we can prove that I \^ I < C, therefore get \ \ez^ + H(P)\\l->' < CO. Notice that 

od 

from this, we can imply the result of O as well. 



I would like to express my appreciation to my advisor, Lawrence C. Evans for giving 
me the problems and plenty of fruitful discussions. I thank Charlie Smart for his nice 
suggestions and discussions. 
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2. Stationary problem in R" 
We are going to observe the properties of stationary Hamilton- J acobi equation in R": 

(2.1) u{x)+H{x,Du{x))=0 inM". 
As usual, we consider first the regularized equation 

(2.2) u"" (x) + H{x, Du" (x) ) = eAu" in M". 

Let us for simplicity assume that H is smooth and H satisfies some conditions as in [fTOll . 
[[T2|: or more explicitly 

r sup |//(jc,0)| <C<oo; sup \D,H{x,p) \ <C(1 + |;?|), 

[ H{x,p) — > oo as IpI — s> oo uniformly for.x; G M". 

Other conditions can be applied as well, we just want to make everything simple. 
We have some well-known standard estimates from [[TOll as following: 

(2.3) \\u^\\l-A\Du''\\l''<C. 
Our main theorem of this section is 

Theorem 2.1. There exists a constant C > s.t. 

(2.4) \\u^-u\\l-<C£^^^. 



In fact, this theorem was proved long time ago, for instance in 0, [HI, [fT2l . How- 
ever, we propose here the new way to prove it by using adjoint method and furthermore 
a new way of thinking about the first type of the static case, the type containing in the 
regularized equation. 

Lemma 2.2. Let = then satisfies: 

2 

(2.5) Iw"" + DpH (x, Du'' ) .Dw^ + D^H (x, Du" ) .Du" = £Aw^ -£\D^u^\^. 



Proof 

Differentiate the equation (12. 2p with respect to jc, we get: 

(2.6) 4. + H,.{x,Du') +Hp,ix,Du')4^^. = eAu%. 
Taking the product of (|2.6I) with m^, and summing over i we get 

(2.7) \Du^'^ ^D^H{x,Du^).Du^ +np^{x,Du^){y^\^ = eAulu%. 
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Furthermore, we note that: 

i,k 

Combining those two calculations we get the lemma. 

Now we introduce the new function to change (|2.5I) into the fake parabolic type. We 
will explain later the reason why we have to switch to parabolic type. Let T > be a 
constant and let 

(x, = e'w^ {x) (jc, t)eWx [0, T] . 
Then from (12.51) . we therefore get that satisfies: 

(2.8) Iv^j +DpH{x,Du'').Dv'' + e'D^H{x,Du'').Du'' = eAv'' -£e'\D^u''\^. 



Adjoint method: We now introduce the adjoint problem to the problem (|2.8[ For xq E 
let be the solution of the following PDF: 



(2.9) 



-lol" -div{DpH{x,Du^)a^) = eAcr^ {x,t) G M" x (0,r) 

o'^It = 5x0- 



From the solution of the adjoint equation, we can somehow figure out the properties 
of as well as u, which are our very important goals especially in the case that H is not 
convex in p. However, let us point out some properties of first: 

Lemma 2.3. Properties of 

(i) o%x,t)>0 (jc, G M" X (0, r), 

(ii) J^„ o^{x,t)dx =1 ? e (0, T). 
Proof 

The proof is easy based on maximum principle and integration over R". We will not go 
into the details of the proof. 

Remark 2.4. 

As we can see, when we change the equation into the parabolic type then we auto- 
matically have the existence of the solution as well as the maximum principle can be 
applied with the only requirement of the boundedness of coefficients. Note that we need 
the property (i) of the above Lemma to do further derivations as you can see below. 

Besides, one can write down the adjoint equation of (12.51) in form of elliptic equation 
and can see that the adjoint equation may not have the solution, the uniqueness of the so- 
lution as well as the required condition to apply the maximum principle. 
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Now, we Start to observe properties and connections between and 
Lemma 2.5. There exists a constant C > s.t. 

(2.10) r f ee'\D^u^\^o^dxdt<C. 







Proof 



(2.11) ^ / 2(7V= / 2ofv'+2o'vf 

at Jr" Jr" 

= I 2ofv^+ I {-DpH.Dv^ -e'D^H.Du^ + £Av^ -£e'\D^u^\^)o'' 

Jr" Jr" 

= - [ {e'Dj,H.Du^ + £e'\D^u^\^)o^. 

Jr" 

Now we integrate (12.1 II) from to T: 

(2.12) / 2a'{x,Ty{x,T)dx- [ 2o^{x,0y{x,0)dx 

Jr" Jr" 

T r fT f 

e'DM.Du^o^- / / £e'\D^u^\^o^dxdt. 



JR" Jo 



Hence we get: 

(2.13) I £e'\D\^\^o''dxdt 



<\2v''{xo,T)\ + \ [ 2o%x,0y{x,0)dx\ + \ [ [ e'D^HMo^^ 

JR" Jo JR" 

< 2e^C + 2C + C(e^ - 1) < C. 
We get the lemma. 

Notice that all of the estimates here are independent of the choice of xq. More precisely, 
for any xq E M" and the corresponding o^, the estimates stay the same with the same con- 
stants. More generally, we also have all such estimates if we assume ct^It- = v for v is a 
probability measure, but we do not really use the general probability measure here. 

Definition 2.6. Define ul{x) = -^{x). 
We have the following theorem: 
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(2.14) \ul{x)\<C£-^/^. 
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Proof 

According to standard elliptic estimates, the function is smooth in the parameter e away 
from e = 0. Differentiate (12.21 ) with respect to £ we get 

(2.15) +DpH{x,Du^).Dul = eAul +Au^. 

Define : M" x [0, T]^R s.t. z%xj) = e'u^ix). Then satisfies the following PDE: 

(2.16) zf +DpH{x,Du'').Dz'' = eAz'^ + e'Au^. 

Notice that the coefficients of (12.161) is slightly different with those of the adjoint equation. 
Playing the same tricks as in Lemma (12.51) we have: 

(2.17) ^[ 2a'z'=[ 2o,'v' + a'zf+ [ e'ula' 

= [ 2a,V+ / i-DpH.Dz^ + £Az'' + e'Au'')o^+ [ e'4o^ 

Jr" Jr" Jr" 

= / {2of + div{D„Ho') + eAa')z'+[ {e'Au^o' + e'4a^) 

JR" JR" 

= [ {e'Au'a' + e'4a'). 

JR" 

Now, we choose such that |m£(.x;o)| = maxK« |m£(x)|. 

( In fact, if the maximum does not attain, we can choose xq such that \ ul{xo) \ > sup^,, | u^ (x) \ 
6, and then let 6 goes to 0. Let's make everything simple and clear) 
Integrate (|2.17l) from to T we have: 

(2.18) / 2o%x,T)z%x,T)dx- [ 2a''{x,0)z%x,0)dx 

JR" Jr" 

e'Au^o^+ f f e'upO^dxdt. 



10 JR" JO 
Substitute the condition o^\t = 5xq into the equation above, we get: 

(2.19) |2e^4(;co)- / 2o^{x,0)z''{x,0) - [ e'ulo^\ = \ [ e'Au^o"']. 

Jr" Jo Jr" Jo Jr" 
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Furthermore, we can control the LHS of (12.191) 

LHS = |2e^M|(jco)- / 2o%x,0)z^{x,0) - T [ e'4o^\ 
Jr" Jo Jr" 

>2e'^\ul{xo)\- f 2o^{x,0)\4{xo)\- [ f e'\4{xo)\o'' 

jR" Jo JR" 

= \4{xo)\i2e^-2-{e^-l)) = \4ixo)\ie^-l). 
Besides, by using Lemma [231 and Holder's inequality, we can estimate the RHS of (12.191 ): 

RHS = \ r f e'Au'o'l <C r f \D\'\o' 



(3.1) 



(3.2) 



JR" Jo 

Jo Jr" Jo Jr" 

So we get the theorem. 
Proof of Theorem im 

By using Theorem |2.71 we immediately get the result. 

3. ElKONAL-LIKE EQUATION IN BOUNDED DOMAIN 

We are going to observe the properties of Eikonal-like Hamilton- Jacobi equation in the 
smooth bounded domain U : 

-H{Du{x))=0 int/, 
u{x) =0 on dU. 
Our approach, as usual, is to consider regularized problem: 

H{Du%x)) = £Au%x) inU, 
u^{x)=0 ondU. 

Crandall and Lions study this equation in sense of viscosity solution first in ^2^ and 
Lions in [lOJ. After that Fleming and Souganidis study this in more details and also give 
some asymptotic series of the solutions of the regularized problem in |l9l . Then Ishii gives 
a simple and direct proof of the uniqueness of the solution in Q. We here base on the 
conditions given in BU, [[TOll and we refer the readers to |[5l, lIH and ifTOl for more details. 

Our goal here is not only to prove the speed of convergence but also to relax the con- 
vexity conditions of H. Obviously we cannot relax the convexity condition without require 
some sufficient conditions as we will see in the counter-example below. But the condition 
we need is much more weaker and quite natural like the homogenous condition. We as- 
sume the following conditions: 
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(HI) H smooth and //(O) < 0, 

Hi d\ 

(H2) H is coercive, i.e. \im\„\^^ — — — = 

' ' \P\ 

(H3) There exist 7, 5 > s.t. DH{p) .p - yH{p) >5>Q VpGM". 

The condition (H3) is used to replace the convexity condition. We will discuss about 
this condition later. We just make an obvious observation that if H is convex then we have 
(H3) with 7= 1 and 5 = -H{Q). 

Theorem 3.1. We have some well-known standard estimates as following: 
(3.3) <c. 



Proof 

In the case where H is convex then this theorem is proved in f9l by Lemma 1 . 1 and 1 .2 
or in [ 10]. Here, we follow almost all of the proofs and just need to slightly change some 
estimates that use the convexity condition. 

By Lemma 1.1 and the first part of Lemma 1.2 in |l9l, there exists a const C > s.t. 
< < C in [7 and < C on dU . 

To complete the proof we only need to bound \Du^\ in U . 

Using the same idea like dUl, [[TOll . let w = \Du^\ — iJ.u^, where /i is to be a suitably 
chosen constant. Suppose that w has a positive maximum at an interior point xq eU. At 
xq we have: 



Hence we get: 



Furthermore, we also have: 



= w.. = , 7-^' - jUm", 
\Du^\ ^ 



ei4 



< -£Aw = ' " ' " + tLj^ £fi + iiieM' 



(^j^e)2 

By using the inequality < yt("r rJ^ ^^d (|3.2I) we get 

n 

0<£ll^\Du^\ ■ r - ^DH.Du'' + jlH. 

n£\Du^\ 

Besides, by (H3) we get 

fxDH.Du'' - ^jH > 5/i > 0, 
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Thus, 

y <nii^e^ + ne{ii-iiy)-^— <nii^e^+neii{l + y) 
\Uu^\'^ \uu \ 

Choose u = -r—rr r then for e < 1, we get the estimate: 

H'^ , \H\ 

< ! + ■ 



\Du^\^ - \Du^\ 

By the coercivity condition (H2) we finally get \Du^\ is bounded independently of e. We 
get the theorem. 

Remark 3.2. 

The existence of the solution of (13.21) follows directly from ^ with some changes of 
conditions as in the proof of Theorem 13.11 above. 

Now we discuss about the uniqueness of the viscosity solution u of (13. Ih . 
For p E M" we consider the function from (0, oo) to M 

(l){t)=r^H{tp) yt>o, 

then we have: 

^'(t) = t-y-\DH{tp).{tp) - yH{tp)) > > 0. 

Hence ^ is strictly increasing and for ? < 1 we have furthermore: 

0(1) -0(0= l\'{s)ds> [\-^-^5ds = -^{r^-l)>0, 
Jt Jt Y+ 1 

Thus, 

H{tp) < trHip) - ^(1 -.^) = trH{p) + ^^^",^^{0) ^^ - t^WO). 

By (HI) we have that//(0) < 0. So we have all the conditions satisfy the conditions (Hl)- 
(H3) and (H4)' of ^ with (p = 0. Hence we get the uniqueness of viscosity solution of 
(1311) . 

The proof of the uniqueness of is quite complicated and follows the key idea of this 
section. Therefore we put it in the appendix at the end of this paper. 

Our main theorem of this section is 
Theorem 3.3. There exists a constant C > s.t. 
(3.4) ||m^-m||l»<C£1/2. 
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Some of the lemmas below will be quite familiar with the lemmas in section 2. There- 
fore, we will only state those lemmas (without the proofs). 

Lemma 3.4. Let = — - — then satisfies: 

2 

(3.5) DH{Du'').Dw'' = e^w'' -e\D^u''\^. 



Note that in (13.51) we do not have the term , hence we cannot convert this equation to 
the parabolic type as in section 2. We need some other new idea to deal with this type of 
equation. 

Adjoint method: We now introduce the adjoint problem to the problem (13.51 ). For each 
xq G U , we consider the equation: 



(3.6) 



-Aiv{DH{Du'')o'') = eAo^ + 5^^ in [/, 
0^ = on dU. 



The adjoint equation here is very nice and somehow similar to the one that Evans introduce 
in [|7J of the time-dependent case. From the adjoint function o^, we can somehow figure 
out the properties of as well as u, which are our very important goals especially in the 
case that H is not convex in p. However, the problem is, like what we have mentioned in 
the Remark above, we do not know about the existence, uniqueness of (13.61) as well as 
the nonnegative property of o^, which we really need. It's quite interesting that to observe 
o^, we once again need the adjoint equation of (13.61) : 

For each f El?{U) and / > 0, we consider the following equation 



(3.7) 



J DH{Du^).Dv^ = eAv^ +f in [/, 
I v'^ = on dU. 



For / = then it's obvious by the Maximum principle that = 0. Hence by Fredholm 
alternative we get both (13.71) and then (13.61) have unique solutions. 
Furthermore, by Maximum principle again, we get that > 0. 

Lemma 3.5. We have: 

(3.8) / fa^dx = v%xo)>0. 

Ju 



Hence in particular, > 0. 
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Proof 

We have: 



(3.9) / fo^dx = I DH{Du'').Dv'a^ -eAv'a^ 
Ju Ju 

= / (-div(D//(DM*^)(7^) - eAo^y = v^xq) > 0. 
Ju 

We therefore get the lemma. 

From the above lemma, we can easily derive some properties for <7^: 
Lemma 3.6. Properties of 

do"" 

(i) > 0. In particular, — — <0 on dU. 

on 

Lemma 3.7. There exists a constant C> Q s.t. 

(3.10) / e|DV|2c7^J;c<C. 

Ju 

Proof 

By (13.51) . we have: 

(3.11) / {DH{Du'').Dw'' -eAw'')o''dx=- [ e\D^u^\^o''dx. 
Ju Ju 

Furthermore, we integrate by parts the LHS: 

(3.12) UIS= [ -div{DH{Du^)o^)w^ -eAo^w'' + f 

Ju Jdu on 

= [ {~div{DH{Du')a') - £Ao')w^ + [ £ 

Ju Jdu 

, . f da^ p 

= W{X0)+ / £^r—W. 

Jdu on 

So, by using Lemma [3^ we get the lemma. 

As normal, if we can bound J[j o^dx independently of £ then everything is fine, we can 
get the result. However, it's really a big deal here. We will show the reasons why in a 
moment. 

Choose / = 1 then (13. 7h reads 

J DH{Du'').Dv'' = £Av^ + 1 inU, 
[ ^0 on dU. 



du 

dn 



(3.13) 
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And also Lemma [331 reads 

(3.14) [ o^dx = v^{xo)>0. 

Ju 

Hence, in order to bound Jjj o^dx, we need to bound v^{xq). So, our hope is that max(/ v*^ 
is bounded uniformly independently of £. 

It turns out that this fact is not true for general H. For example, when DH{p) = for 
all p, then we can see that there is a problem. More precisely, let's consider the following 
ODE: 

eAv'' + l=0 in (0,1), 
v'=(0)=v^(l)=0. 



(3.15) 



Then we get v^{x) = 2^(^~^^)^ hence maxjo.i] ~ g~' which is really dangerous. 

Heuristically, this counter-example shows that we need to have some conditions that 
allow us to control the DH{p) . 

We introduce the second example, which is a good signal, as following: 

(v'^)' = eAv*^ + 1 in (0,1), 

v^(0)=v^(l)=0. 



(3.16) 
Then we get 



{x) =x- 



Then maxjg jj < 1, which is great and a good signal telling us that we can have the uni- 
formly boundedness of max(/ independent of £ with some appropriate conditions. 



If we have the convexity-like condition 

DH{p).p-H{p)>-H{0)>0 VpGM", 

then in fact we can prove the statement above. However, we don't like this type of con- 
dition and we want to relax the convexity condition. So, our idea here is to introduce 
condition (H3) as we state above: 

(H3) There exist 7, 5 > s.t. DH{p).p - yH{p) > 5 > V p G M". 

In fact, this required condition is similar to the homogenous condition. It's natural and it 
works well for a lot of cases where H is not convex. For example, for n = 1, let's consider 
the following function: 

U{p) = {p'~\f-l = p'-lp'-\, 
then U is not convex and we have 

Dn{p) .p - 2H{p) = (V - 4/) - 2(/ - 2/ - 1) = 2/ + 2 > 2 > 0. 



14 
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It's easy to see that H therefore satisfies all the required conditions of our problem even 
though H is not convex. We can also see that this condition is suitable and fit well for 
every required step of our problem. The following lemma is the key lemma of this section, 
it shows the way to bound max(/ v^: 

Lemma 3.8. Let a,/3 G M and z{x) = ax.Du^{x) + Pu^{x) then 

(3.17) DH{Du^).Dz-eAz = (a + l5)DH{Du^).Du^ - {2a + /3)eAM^ 



Proof 

It's enough to work with z{x) = x.Du^{x) = XiU^.. Thus, 

Therefore, 

Dz = Du^ +XiDul., 

Az = 2Am^ +x,AMf.. 
Besides, differentiate (13.21 ) with respect to xi we get 

(3.18) DH{Du^).D4. = eAwf.. 
Hence: 

DH{Du'').Dz-£Az = DH{Du^).Du^ - 2eAM'^ ^Xi{DH{Du^).Du% - eAwf.) 
= DH{Du'').Du^ -leAu''. 

We get the lemma. 

This lemma gives us the key idea to find the supersolution of (13.131) of the type z, hence 
we can get the result by using Maximum principle. 

We can choose appropriate a, B s.t. a + B >0 and "^jf = r. Then we get: 

a + 15 

(3.19) DH{Du'').Dz-£Az= {a + l5){DH{Du^).Du'' -yeAu^) 
>{a + [5){rH{Du') + 5-Y£^u') = (a + /3)5 >0. 

Hence for k = \, „ and y(x) = kz(x) +M for M > large enough so that vLf/ > 

and we also get y is the supersolution of (|3.13l) . i.e. 

(3.20) DH{Du^).Dy-£Ay>l. 
Thus, by the Maximum principle, we easily get: 

(3.21) 0<v''<3;. 
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So, finally we get, there exists C > s.t. < < C. 



Proof of Theorem 13.31 



Differentiate (13.21 ) with respect to £ we get 

( DH{Du'^).Dul = £Aul+Au^ 



in[/, 
on dU. 



Doing the same steps like in the previous chapter we get the result. 

4. Homogenization: The new proposed model and the speed of 

CONVERGENCE TO THE EFFECTIVE HAMILTONIAN 

In this section, we point out the new way of approximation to calculate the effective 
Hamiltonian. 

In [fTTIl . Lions, Papanicolaou and Varadhan show the way to find the effective Hamil- 
tonian by consider the following equation 



where H here is T"-periodic in the second variable and satisfies some properties as in 
Section 2. 

Recently, Capuzzo-Dolcetta and Ishii prove the speed of convergence of this problem 
is 0(e) in [I?]. More precisely, there exists a const C > s.t. 



The proof of this estimate is really simple and only based on some comparison princi- 
ples. However, there are still some big issues remain. The most difficult one is that even 
though H{P) is unique, v in general is not. Also in practice, it's hard to calculate the solu- 
tion of (14.11) . Our way of approaching this problem is nothing fancy, just again look back 
at the vanishing viscosity method: 




(4.3) 



ev'^+^(P)| <C(l + |/'|)e. 



(4.4) ev^'^ +H{P + Dv^^\y) = 5Av^'^. 



As we have already proved, there exists a const C > s.t. 




Hence in general we have: 
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In particular, if we choose 5 = £^ then 

(4.7) \£v^^^^ +H{P)\<C£. 

This is the motivation for us to consider a slightly different class of approximate equations 
and show the speed of convergence in this case. Let = v^'^ then: 

(4.8) dz^ +H{P + Dz^,y) = O^Az^. 

Firstly, we have some standard observations: z^ is unique hence T" -periodic and from 
[[TOl . there exists a constant C > such that 

\\Dz^\\l-<c. 

Also from the T" -periodic property and the boundedness of | \Dz^ \ we have one more 
nice observation 

\z^{x)-z^{y)\<C\\Dz^\\L'^<C Wx,yeR'\ 
Like in the the previous sections, our goal here is to prove: 

' de 

Although our method is slightly complicated than in p^l, it creates a constructive way 
to study the effective Hamiltonian and we will use this to study the weak KAM theory 
elsewhere in the future. 

Lemma 4.1. Let = then 

2 

(4.9) 2Gw^ +DpH.Dw^ +D^H.Dz^ = O^Aw^ - G^\D^z^\^. 



The equation here is of first type since (14.91) contains . Using the same method as 
in Section 2, we introduce the fake time-dependent function s.t. v^{x,t) = e'w^{x) for 
t e [0, T] for some T > fixed, then satisfies 

(4.10) IGvf +DpH.Dv^ ^e'D^H.Dz^ = d^Av^ - 0^e'\Dh'^\^. 

Adjoint method: We now introduce the adjoint equation of (|4.10l) : 



(4.11) 



-leoj^ -div{DpHo^) = e^Ao^ {x,t) e R" x (o,r) 



Similarly, we have some properties of like above: 
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Lemma 4.2. Properties of 

(i) o'^{x,t)>o (jc,o gR"x (o,r), 

(ii) /r„ o^{x,t)dx =1 t e (0,r). 
Lemma 4.3. There exists a const C > s.t. 

(4.12) r f |£>Vp(J^<C. 

JO Jm." 

Again, all the estimates here don't depend on the choice of xq as stated carefully in 
section 2. 

Theorem 4.4. There exists a const C > s.t. 

(4.13) \{dz^)0{x)\<C. 



Proof 

Firstly, differentiate (|4.8I) with respect to G we get 

(4.14) z^ + 04+Dp//.Dz2 = 02Azg+20Az^ 
Doing the same steps as in Theorem |2.7l we get the following 

(4.15) 2d{e'^ZQ{xo)- f ze{x)o^ {x,0)dx) - 6 T [ zio^dxdt + 

Jr" Jo Jr" 

+ 1^ f e'z^o^dxdt = 29 C I e'Az^o^dxdt. 

Let 







A = 2e{e^ZQixo)- [ zl{x)o^{x,0)dx)-e f f z^o^dxdt, 

Jr" Jo Jr" 

B= r [ e'z^o^dxdt. 

Jo Jr" 

Notice that we have |A + 5| < C for some positive constant C independently of the choice 
of Xq by Lemma |431 

We have several observations below: 

(i) Take any x' G W, we can control B in term of z^{x') by using the property \z^{x) — 
z^{x') I < C for all xeR". More explicitly, 

(4.16) \B-{e'^ -l)z\x)\< r [ e'\z\x)-z^{x')\G^dxdt<C{e'^ -l)=C. 

Jo Jr" 
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(ii) Now we need to control A. There exist ;ci ,X2 G s.t. 

zt{xi)=m = rmnze W < Zq W < maxz^ (x) = M = zt (xi) . 

(Again, if the maximum or minimum does not attain, we can deal with the problem like 
what we do in Section 2. Let's make everything simple and clear.) 

Let a^'^i be the solution of the adjoint equation corresponding to xi (here we need to 
change from xq\.o xi), then we have: 

A = 2d{e^zl{xi)~ I zl{x)o^^'''{x,Q)dx)-d C I zlo^^'^dxdt <{e'^ -\)dzl{xi). 
Jm." Jo Jr" 

Therefore, by both of our observations, we have 

-C<A + B<{e^ - I)9z0ixi)+B < [e^ - l)m9 + [e^ - \)z\x)+C, 
which implies that 

(4.17) -C<{e'^ -\){me+z\x')) Vjc'gM". 

Similarly, for a^'^^ be the solution of the adjoint equation corresponding to X2 (here we 
need to change from xq to X2), then we also have: 

A = 20(/zg(x2)- / zl{x)o^^\x,Qi)dx)-e C I zlo^'^'^dxdt >{e'^ -\)ezl{x2). 
Jr" Jo Jr" 

Therefore, we will also have 

(4.18) l)(M0+z^(y)) <C \/xeR". 
From (14.171) and (|4.18l) we get 

(4.19) {e^ -l)\9ztix)+z^{x)\<C VxgM". 
We get the theorem. 

5. Appendix 
We will prove the uniqueness of u^ in (13.21) . 
Theorem 5.1. Ifu and v are the solutions of t\3.2\) then we get u = v. 
Proof 

It's enought to prove that u <v. 

If we have H{Du) — eAu < H{Dv) — eAv in U and m < v on dU then we easily get 
u<vmU. 

In general, we will go exactly the same way as the normal way to prove the weak Max- 
imum principle. The strategy is to find a sequence of functions {z^} such that H{Du) — 
eAu < H(Dz^) — £Az^ in U and w < on dU and z^ converges to v. Hence we get u< z^ 
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for all 6, which implies u <v. 

Recall from Remark [3]2] the properties of ^, we get for t > I then 

H{tp)>tm{p) + ^{ty-i). 

Let z = sv + t{x.Dv + M) where M > is a constant will be chosen later. Our goal here is 
to find z such that H{Dz) — cAz > corresponding to ^ 1 and ? ^ 0, we then derive the 
result. We can see that the function z here is really similar to the one we need in pointing 
out the super- solution in Lemma [XSl We have: 

Dz= {s + t)Dv + tXiDvjci, 

Az = is + 2t)Av + tXiAv^.. 

For s very close to 1, for ? > very close to and s + t > I we have: 

H{Dz) -£Az = H{{s + t)Dv + tXiDv^;) -£{s + 2t)Av + texiAvj,. 
=H{{s + t)Dv) +tDH{{s + t)Dv).{xiDvj,.) +t^O{l) - £{s + 2t)Av + t£XiAvj,. 
=H{{s + t)Dv) + tDH{Dv) . (xiDv,.) +t{{s + t) - 1)0(1) +t^O{l) - 

-£{s + 2t)Av + t£XiAvxi 

>{s + t)m{Dv) + ^{{s + t)r- 1) +t{{s + t) - 1)0(1) +tM^)- 
-£{s + 2t)Av. 

Hence if we choose s and t such that (s + t)"^ = s + 2t then everything seems to be nice. 

Fore >0, we let: ? = (1 + 0)^- (1 + 0) and 5 = 2(1 + 0) - (1 + 0)^. 

Then we get {s + 1)''' = s + 2t = {1 + 0)^ and for small enough we also have: 

^{{s+t)y-i)+t{{s+t)-i)o{i)+Mi)>o. 

Hence we get H{Dz) - £Az > 0. 

Finally, choose M large enough to guarantee z > m on dU, we get the theorem. 
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